In this paper, we cast damped Timoshenko and damped Bresse systems into a general framework for non-equilibrium thermodynamics, namely the GENERIC (General Equation for Non-Equilibrium Reversible-Irreversible Coupling) framework. The main ingredients of GENERIC consist of five building blocks: a state space, a Poisson operator, a dissipative operator, an energy functional, and an entropy functional. The GENERIC formulation of damped Timoshenko and damped Bresse systems brings several benefits. First, it provides alternative ways to derive thermodynamically consistent models of these systems by constructing building blocks instead of invoking conservation laws and constitutive relations. Second, it reveals clear physical and geometrical structures of these systems, e.g., the role of the energy and the entropy as the driving forces for the reversible and irreversible dynamics respectively. Third, it allows us to introduce a new GENERIC model for damped Timoshenko systems that is not existing in the literature.
Introduction

GENERIC (General Equation for
Non-Equilibrium Reversible-Irreversible Coupling [Ött05] ) is a formalism for non-equilibrium thermodynamics which unifies both reversible and irreversible dynamics. The main ingredients of GENERIC consist of five building blocks: a state space Z, a Poisson operator L, a dissipative operator M, an energy functional E, and an entropy functional S, which are required to satisfy certain conditions. A consequence of these conditions is that the first and the second law of thermodynamics are fulfilled, i.e., the total energy is preserved and the entropy is increasing in time, see Section 2. To show a particular realization of GENERIC one needs to specify the five building blocks and verify the conditions imposed on them.
GENERIC has been proven to be a powerful framework for mathematical modelling of complex systems. In the original papers [GÖ97, ÖG97] , it was originally introduced in the context of complex fluids with applications to the classical hydrodynamics and to non-isothermal kinetic theory of polymeric fluids. Since then many models have been shown to have a GENERIC structure. Recently it has been applied further to anisotropic inelastic solids [HT08a] , to viscoplastic solids [HT08b] , to thermoelastic dissipative materials [Mie11] , to the soft glassy rheology model [FI13] , and to turbulence [Ö14] , just to name a few. More recently, the mathematically rigorous study of GENERIC has received a lot of attention. In [ADPZ11, DLR13, DPZ13, MPR14, Duo14] the authors show that there is a deep connection between GENERIC structures of many partial differential equations including the diffusion equation, the Fokker-Planck equation and the Vlasov-Fokker-Planck equation and the large deviation principle of underlying stochastic processes. The connection provides microscopic interpretation for the GENERIC structures of these equations [ADPZ11, DLR13, DPZ13, MPR14, Duo14] , gives ideas to construct approximation schemes for a generalized Kramers equation [DPZ14] and offers techniques to handle singular limits of partial differential equations [AMP + 12, Duo14, DPS13] . We refer to the original papers [GÖ97, ÖG97] and the book [Ött05] for an exposition of GENERIC and the mentioned papers as well as references therein for further information.
The aim of this paper is to show that damped Timoshenko and damped Bresse systems can be cast into the GENERIC framework. Both Timoshenko and Bresse systems are described by wave equations. In damped Timoshenko and damped Bresse systems, irreversible behaviour is introduced via additional, frictional or heat conduction, damping mechanisms. This can be accomplished in various ways. The two systems play important roles in theory of elasticity and strength of materials [Tim53] . They have been studied extensively in the literature from various perspectives such as existence and uniqueness of solutions, their exponential stability and rate of decay, see for instance [RR02, RFSC05, HK13, SR09, RR08, FRM14] for damped Timoshenko systems and [SJ10, BRJ11, FM12, AFSM14, FR10, HS14, LR09] for damped Bresse systems.
In this paper we focus on the GENERIC structures of the two systems. The formulation in the GENERIC framework has three benefits. Firstly, it provides alternative ways to derive thermodynamically consistent models of these systems by constructing the building blocks {Z, L, M, E, S} instead of invoking conservation laws and constitutive relations. We demonstrate that all previous known models can be constructed in this way using a common procedure. In addition, we also illustrate how to use GENERIC to come up with a new model for the damped Timoshenko system. Secondly, thanks to its splitting formulation, the GENERIC framework provides clear physical and geometrical structures for these systems, e.g., the role of the energy and the entropy as the driving forces for the reversible and irreversible dynamics respectively. Thirdly, this has the possibility of application of the recent developments for GENERIC as mentioned in the second paragraph to mathematically analyse the two systems.
The organization of the paper is as follows. In Section 2, we review the GENERIC framework and its basic properties. In Section 3, we introduce a procedure for mathematically modelling of complex systems using GENERIC. In Section 4, we place damped Timoshenko systems with damping either by frictional mechanisms or by heat conduction of various types in the GENERIC framework. A similar analysis for damped Bresse systems is shown in Section 5. Conclusion and further discussion are given in Section 6. Finally, Appendix A contains some detailed computations, and Appendix B shows more models of the two systems.
GENERIC
In this section, we summarize the GENERIC framework and its main properties. We refer to the original papers [GÖ97, ÖG97] and the book [Ött05] for an exposition of GENERIC.
Definition of GENERIC
As mentioned in the introduction, GENERIC is a formulation for non-equilibrium thermodynamics that couples both reversible and irreversible dynamics in a certain way. Let z ∈ Z be a set of variables which appropriately describe the system under consideration, and Z denotes a state space. Let E, S : Z → R be two functionals, which are interpreted respectively as the total energy and the entropy. Finally, suppose that for each z ∈ Z, L(z) and M(z) are two operators, which are called Poisson operator and dissipative operator respectively, that map the cotangent space at z to onto the tangent space at z. A GENERIC equation for z is then given by the following differential equation
where • z t is the time derivative of z.
• δE δz , δS δz are appropriate derivatives, such as either the Fréchet derivative or a gradient with respect to some inner product, of E and S respectively.
• L = L(z) is for each z an antisymmetric operator satisfying the Jacobi identity, i.e., for all functionals F, G,
where the Poisson bracket {·, ·} L is defined via
• Similarly, M = M(z) is for each z a symmetric and positive semidefinite operator, i.e., for all functionals F, G :
where the dissipative bracket [·, ·] M is defined by
• Moreover, {L, M, E, S} are required to fulfill the degeneracy conditions: for all z ∈ Z,
{Z, L, M, E, S} are called the building blocks and a GENERIC system is then fully characterised by its building blocks.
Basic properties of GENERIC
We recall two basis properties of GENERIC. The first one is that GENERIC automatically verifies the first and second laws of thermodynamics. More precisely, the degeneracy conditions (8) together with the symmetries of the Poisson and dissipative brackets (2)-(6) ensure that the energy is conserved along a solution
and that the entropy is a non-decreasing function of time
≥ 0.
The second property of GENERIC, which is useful when constructing the building blocks, is that it is invariant under coordinate transformations [GÖ97] . Let z → z be a one-to-one coordinate transformation. The new building blocks {L, M, E, S} are obtained via 3 Mathematical modelling of complex systems using GENERIC
As explained in Section 2, the GENERIC framework provides a systematic method to derive thermodynamically consistent evolution equations. The modelling procedure of complex systems using GENERIC can be summarized in the following procedure consisting of three steps.
Step 1. Choose state variable z ∈ Z;
Step 2. Choose (construct) GENERIC building blocks that include
• two functionals E and S • two operators L and M such that the GENERIC conditions (cf. Section 2) are fulfilled;
Step 3. Derive the equation.
We emphasize again that the quintuple {Z, E, S, L, M} completely determine the model and that the thermodynamics laws are automatically justified in the GENERIC framework.
In this paper, we apply this procedure to cast the existing damped Timoshenko and damped Bresse systems into the GENERIC and to derive new models.
All the existing damped Timoshenko and damped Bresse models share a common feature: they are described by wave equations coupled with damping mechanisms, either by frictional or heat conduction. It is well-known that, without the damping effect, the energy of a wave equation is conserved. In other words, a wave equation is conservative. However, when the damping effect is present, the energy is no longer conserved. This implies that the damped Timoshenko and damped Bresse systems exhibit both conservative and dissipative effects represented in the wave equations and the damping mechanisms respectively. It is the reason why GENERIC would be a natural framework to work with. To place them in the GENERIC setting, we need to specify the building blocks and verify the conditions imposed on them, cf. Section 2. As also mentioned in Section 2, one might obtain the same GENERIC system from different building blocks provided that they are related by a co-ordinate transformation (9). Therefore, one can mathematically simplify the construction of the building blocks by choosing the state space in such a way that the entropy is multiple of one of its components. This technique has been used in [DPZ14] for the Vlasov-Fokker-Planck equation and will be used throughout the present paper.
We are now ready to introduce a common procedure to place the existing damped Timoshenko and damped Bresse systems in the GENERIC framework. This procedure is a slightly modification of the one described above where the first step is split into Step 1a and Step 1b and the second step is decomposed to Step 2a and Step 2b.
Step 1a. Re-write the system as a system of parabolic partial differential equations;
Step 1b. Introduce a new variable e, depending only on time, to capture the lost of the energy of the original system. The time derivative of e is simply determined by the negative of that of the energy of the original system.
Step 2a. Construct the building blocks of the GENERIC: the GENERIC-energy E is defined to be the summation of the original energy and e; the GENERIC-entropy S is a multiple of e; the Poisson operator L is easily deduced from the wave equations, the anti-symmetry property and and the degeneracy condition L(z) δS δz (z) = 0; and the dissipative operator M is built from the damping effect, the symmetry property and the degeneracy condition M(z) δE δz (z) = 0;
Step 2b. Verify the remaining conditions;
GENERIC formulation of damped Timoshenko systems
In this section, we place damped Timoshenko systems of various types in the GENERIC framework. We perform the procedure described in Section 3 in details for two systems: the Timoshenko system with dual frictional damping and the Timoshenko system damped by heat conduction of type I. We also show how to derive a new GENERIC model. Some details of computation will be given in Appendix A, and the Timoshenko system damped by heat conduction of type II and type III will be presented in Appendix B.
The Timoshenko system
The Timoshenko system, which describes the transverse vibrations of a beam, is a set of two coupled wave equations of the form
Here, t is the time variable and x is the space coordinate along the beam. The function ϕ is the transverse displacement and ψ is the rotation angle of a filament of the beam. Throughout this paper, subscripts denote derivatives of the functions with respect to the corresponding variables; for instance, ϕ x is the first order derivative of ϕ with respect to x. Finally, k, b are positive constants. The energy of the beam is
Solutions of (10) do not decay and the system's energy remains constant at all times. This can be seen easily by computing the derivative of E(t) with respect to time
There is a large amount of research in the literature devoted to find the damping necessary to add to the system (10) in order to stabilize its solutions [RR02, RFSC05, HK13, SR09, RR08, FRM14]. Two damping mechanisms have been mainly considered, namely damping by frictions and by heat conduction. The latter can be accomplished in various ways. By adding damping effects, we get damped Timoshenko systems, and the energy above is no longer preserved. The main results of the mentioned papers are that damped Timoshenko systems are exponentially stable.
In the next sections, we will show that damped Timoshenko systems, either by frictions or by heat conduction, can be cast into the GENERIC framework.
The Timoshenko system with dual frictional damping
We start with the Timoshenko system (10) with two frictional terms added, i.e., the following system
The two terms δ 1 ϕ t and δ 2 ψ t , where δ 1 , δ 2 ≥ 0, represent the frictions. This system has been studied, e.g., in [RFSC05] , where the authors prove that it is exponential stable. Set p = ϕ t , q = ψ t , then Eq. (11) can be re-written as a system of parabolic differential equations.
We introduce an auxiliary variable e, depending only on t, such that
which results in,
We give more detailed discussion on the introduction of e in Remark 4.1 below. We now show that the system (12)- (13) can be cast into the GENERIC framework. The building blocks are given by
In the above expressions, α ∈ R \ {0} is some scaled parameter. The squares in M(z) represent the arguments that M(z) acts on. We now derive the GENERIC equation associated to these building blocks by computing
It is now clear that the GENERIC equation
is equivalent to the system (12)-(13). Note how the GENERIC structure reveals/clarifies the conservative and dissipative parts. The verification that the building blocks {Z, L, M, E, S} above satisfy the conditions of GENERIC is given in the Appendix A.
Remark 4.1. We emphasize that the system (12)-(13) is coupled only in one direction: the newly added equation for e is slaved to the original damped Timoshenko system. In other words, the introduction of e does not change the original system. One can think of it as a purely mathematical technique. Alternatively, from a physical point of view, one can also interpret this as embedding the original system into a bigger reservoir/environment and e captures the exchange of the energy between them.
The Timoshenko system damped by heat conduction of type I
In this section, we consider the Timoshenko system (10) damped by heat conduction of the form (type I),
In this model, θ is the temperature. It is coupled to the Timoshensko system via the term −γθ x in the equation for ψ. The system above, which is often known as the Timoshenko-Fourier system since the heat conduction is described by the classical Fourier law, has been studied extensively in the literature, see for instance [RR02, HK13, SR09] . Set p = ϕ t , q = ψ t , then Eq. (14) can be re-written as a system of parabolic differential equations
Similarly as in the previous section, we introduce an auxiliary variable e, depending only on t, such that
which gives rise to
We now show that the coupled systems (15)-(16) can be cast into the GENERIC framework. The building blocks are as follows 
Having the building blocks, we can derive the GENERIC equation associated to them. A direct calculation gives
It follows that the GENERIC equation
is the same as the coupled systems (15)-(16). The verification that {L, M, E, S} satisfy the conditions of GENERIC is presented in the Appendix A.
In Appendix B, we list two more models: the Timoshenko system damped by heat conduction of type II and type III.
A new model
As we have shown, in order to place each damped Timoshenko systems in the previous sections in the GENERIC framework, we need to introduce an extra auxiliary variable e. Motivated by [Mie11] , we introduce the following system, which is GENERIC on its own, i.e., it is not necessary to complement with an auxiliary variable. This example shows how GENERIC can be used to build up a new model that is thermodynamically consistent.
The difference between this model and the previous one lies in the second term of the equation for the temperature. The coupling to the mechanical part (i.e., the Timoshenko system) is now non-linear. Set p = ϕ t , q = ψ t , then Eq. (17) can be re-written as
We now show that this system is a GENERIC equation. The building blocks are defined as
We have
Substituing the above computation to the GENERIC equation
yields the system (18). It can be verified analogously as in the Appendix A that {L, M, E, S} satisfy the conditions of the GENERIC. We now move to the second class of systems.
Damped Bresse systems
In this section, we cast damped Bresse systems into the GENERIC framework. We recall the undamped Bresse system first.
The Bresse system
The Bresse system, which is also known as the circular arch problem, is given by three coupled wave type equations as follows
In this equation, t and x are respectively the time and space variables. The functions φ, ϕ and ψ represent the longitudinal, vertical, and shear angle displacements of elastic materials such as flexible beams. k, l, k 0 and b are positive constants. More information about mathematical modeling of the Bresse system can be found in [LLS93] . Eq. (20) is conservative in the sense that it preserves the energy
Like in the Timoshenko system (10), Eq. (20) is not stable and much research have been done to find damping effects that need to be included to stabilize (20). Again, two mechanisms are taken into account: frictional damping and heat conduction.
In the next sections, we show that damped Bresse systems of various types can be placed in the GENERIC framework.
The Bresse system with frictional damping
In this section, we consider the Bresse system with frictional dissipation,
This system is (20) with three frictional terms added γ 1 ϕ t , γ 2 ψ t , γ 3 φ t , where γ 1 , γ 2 and γ 3 are non-negative constants. Stability property and rate of decay of solutions of this system have been studied in, e.g., [SJ10, BRJ11, FM12, AFSM14].
We now cast this system into the GENERIC framework. Since the procedure is similar as in Section 4, we only list the computations here.
• Re-write the system by introducing new variables p, q and w
• GENERIC building blocks 
• A direct calculations gives
is the same as the system (22)- (23).
The Bresse system damped by heat conduction: type I
In this section, we consider the Bresse system coupled to a heat conduction of the form (type
This system is (20) coupled to the heat conduction given by the last equation. Stability property and rate of decay of solutions of this system have been studied in, e.g., [FR10, HS14] . We now show the steps to place this system in the GENERIC setting.
• Re-write the system
• Equation for e
• GENERIC building blocks z = ϕ ψ φ p q w θ e T , 
• A direct calculation gives
Then it follows that the GENERIC
is the same as the system (25)-(26).
In Appendix B, we show one more model: the Bresse system damped by heat conduction of type II.
Conclusion and discussion
In this paper we have introduced a modelling procedure of complex systems using GENERIC. As a concrete example, this procedure allows us to unify many existing damped Timoshenko and damped Bresse systems into the GENERIC framework and derive a new model. This formulation not only provides an alternative thermodynamically consistent derivation but also reveals geometrical structures, via the GENERIC building blocks, of these systems. An important question for further research would be on mathematical analysis, such as well-posedness and asymptotic limits, of the damped Timoshenko and damped Bresse systems (and more general thermodynamical systems) using GENERIC structure. Recently it has become clear, see e.g., [SS04, Ser11, AMP
+ 12] and very recent papers [Mie14, Mie15] , that variational structure has important consequences for the analysis of an evolution equation. This is because variational structure can provide many good concepts of weak solution and many techniques in calculus of variations, such as Gamma convergence, can be exploited. There is a large literature on mathematical analysis of gradient flows, which is an instance of the GENERIC where the reversible effect is absent, using variational formulation, see the papers mentioned above and references therein. However, that of for GENERIC is still lacking. A variational formulation for a full GENERIC system has been proposed recently in [DPZ13] . We expect that this variational can be used for the GENERIC systems studied in this paper.
Appendix A: Verification of the GENERIC conditions
In this Appendix, we present the verification of the GENERIC conditions for the Timoshenko system with two frictional damping and the Timoshenko system damped by heat conduction of type I. The verification for the other models are similar and hence omitted.
The Timoshenko system with dual frictional damping
We now verify that {L, M, E, S} constructed in Section 4.2 satisfy the conditions of the GENERIC. Let F, G : Z → R be given. We have
The verification that L satisfies the Jacobi identity can be done by computing
The computation is lengthy and tedious, hence it is omitted. It seems that there is no general method to verify the Jacobi identity. According to [Gol01, Chapter 9] "there seems to be no simple way of proving Jacobi's identity for the Poisson bracket without lengthy algebra.". However, it should be mentioned that Kröger and Hütter [KH10] have developed a Mathematica notebook which facilitates verification of the Jacobi identity. Next, we check conditions on M. Without loss of generality and for simplicity of notation, we set α = 1 throughout this Appendix. We have
i.e., M is symmetric. It also follows from the above computation that
i.e., M is positive semidefinite. It remains to verify the degeneracy conditions. Indeed, 
The Timoshenko system damped by heat conduction of type I
In this section, we verify that {L, M, E, S} constructed in Section 4.3 satisfy the conditions of the GENERIC. Let F, G : Z → R be given. We have
i.e., L is anti-symmetric. The verification that L satisfies the Jacobi identity can be done by computing
The computation is lengthy and tedious, hence it is omitted.
[
i.e., M is positive semi-definite. The degeneracy condition also can be verified. Indeed, 
8 Appendix B: Other models
The Timoshenko system damped by heat conduction: type II
In this section, we cast the Timoshenko system damped by heat conduction of type II into the GENERIC framework. The steps are summarized as follows.
• The original system
Re-write the system
(27) Here θ and s are respectively the temperature difference and the heat flux. The heat conduction in this model is described by the Cattaneo law, see for instance [RR02, HK13, SR09].
• Computation
From the above computation, we obtain that the GENERIC equation with building {z, L, M, E, S} is equivalent to the system (27)-(28).
Remark 8.1. The last two equations in (27) can be coupled to get one equation for θ as follows
One should compare and see the difference between the above equation and the equation for the heat conduction of the model in the next subsection.
The Timoshenko system damped by heat conduction: type III
We now consider the Timoshenko system damped by heat conduction of the form (type III),
This system has been investigated, e.g., in [FRM14] .
It is straightforward to verify that the GENERIC system is indeed the system (30)-(31).
The Bresse system damped by heat conduction: type II
In this section, we investigate the Bresse system damped by two temperature equations of the following form (type II)
ϕ tt = k(ϕ x + ψ + lφ) x + k 0 l(φ x − lϕ) − γlη, ψ tt = bϕ xx − k(ϕ x + ψ + lφ) − δθ x , φ tt = k 0 (φ x − lϕ) x − kl(ϕ x + ψ + lφ) − γη x , θ t = κ 1 θ xx − δψ tx , η t = κ 2 η xx − γ(φ xt − lϕ t ).
(32)
This system has one extra equation, which is the last one, compared to (24). Stability property and rate of decay of solutions of this system have been studied in, e.g., [LR09] .
ϕ t = p, ψ t = q, φ t = w, p t = k(ϕ x + ψ + lφ) x + k 0 l(φ x − lϕ) − γlη, q t = bψ xx − k(ϕ x + ψ + lφ) − δθ x , w t = k 0 (φ x − lϕ) x − kl(ϕ x + ψ + lφ) − γη x , θ t = κ 1 θ xx − δq x , η t = κ 2 η xx − γ(w x − lp). 
